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In the present report we analyze the eventual modifications caused by the polymer quantization
upon the ground state of a homogeneous one-dimensional Bose–Einstein condensate. We obtain the
ground state energy of the corresponding N–body system and, consequently, the corresponding speed
of sound, allowing us to explore the sensitivity of the system to corrections caused by the polymer
quantization. The corrections arising from the polymer quantization can be improved for dense
systems together with small values of the corresponding one–dimensional scattering length. However,
these corrections remain constrained due to finite size effects of the system. The contributions of
the polymer length scale to the properties of the ground state energy of the system allow us to
explore, as a first approximation and when the Bogoliubov’s formalism is valid, the sensitivity of
this many–body system to traces caused by the discreteness of space suggested by the polymer
quantization.
PACS numbers: 04.60Bc, 04.60.Kz, 04.60.Pp, 03.75.Nt
I. INTRODUCTION
One interesting feature, related to Bose–Einstein con-
densates, is its possible use as test tools in gravita-
tional physics [1–12]. The quantum properties associ-
ated with this N–body system suggest that this phe-
nomenon could be taken as a serious candidate to ex-
plore some features related to a possible quantum struc-
ture of space–time. A possible discreteness of space may
lead, for instance, to anomalous dispersion relations, de-
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formations of the Heisenberg’s uncertainty principle, and
non–commutative geometries that may be related to the
so–called polymer quantization [13, 14]. Such deforma-
tions are a general feature of quantum–gravity models,
for instance, Loop Quantum Gravity [15, 16] or Non–
commutative Geometries [17–19]. Furthermore, it is also
of great relevance in the general context of Lorentz–
symmetry breaking [20].
As mentioned above, some basic properties related to
Bose–Einstein condensates, for instance, the condensa-
tion temperature [4, 9], the corresponding speed of sound
[8, 10] and also the free velocity expansion and the inter-
ference fringes of two overlapping condensates [11], have
been used to explore the sensitivity of these systems to a
possible manifestation of the Planck scale regime.
In the same spirit, in a previous report [1] the polymer
quantization has been applied to a one–dimensional Bose-
2Einstein condensate, for which bounds on the so–called
polymer length were obtained under typical laboratory
conditions by means of the shift on the condensation
temperature. Additionally, in Ref. [21] polymer quan-
tization was applied also to compact star models in or-
der to explore the corrections in some basic properties of
these systems caused by the introduction of the polymer
length. However, the impossibility to directly observe the
properties of these systems from an accurate experimen-
tal point of view, makes low–energy, earth–based exper-
iments, for instance, Bose–Einstein condensates, a more
interesting and also a more relevant tool in searching for
some features related to a posible quantum (discreteness)
structure of space–time.
Polymer quantum systems are quantum mechanical
models quantized in a similar way as in loop quantum
gravity, that allow the study of the discreteness of space
and other features of the loop quantization in a simpli-
fied form [22]. In the loop or polymer representation the
corresponding Hilbert space Hpoly is spanned by the ba-
sis states {|xj〉}, whose coefficients have a suitable fall-off
[13], endowed with the inner product 〈xi|xj〉 = δij where
δij is the Kronecker delta.
The basic ingredients of this quantization are the posi-
tion and the translation operators. The position operator
xˆ acts as usual, i.e., xˆ|xj〉 = xj |xj〉 , while the transla-
tion operator Vˆ (µ) shifts the state to an arbitrary dis-
tance position µ, that is the length of the lattice, where
xj takes values, Vˆ (µ)|xj〉 = |xj −µ〉. In the polymer rep-
resentation the translation operator Vˆ (µ) is not weakly
continuous with respect to µ, so there is no well-defined
momentum operator as compared to the standard quan-
tum mechanics, due to the discrete structure assigned to
space [13].
Under these circumstances the polymer Hamiltonian
can be defined as follows
Ĥµ =
~2
2mµ2
[
2− Vˆ (µ)− Vˆ (−µ)
]
+ Uˆ(x), (1)
where Uˆ(x) is the potential term, which in this
manuscript we will assume as a square well potential.
In other words, we analyze the case of a homogeneous
one–dimensional Bose–Einstein condensate.
Following [13, 14] the Hamiltonian (1) can be formally
written as follows
Ĥλ =
~2
2mλ2
̂
sin2
(λp
~
)
+ Uˆ(x), (2)
where λ is the so-called polymer length defined by λ = 2µ,
and can be considered as a fundamental length scale.
We can use the last expression to obtain the effective
polymer Hamiltonian by replacing the kinetic term with
the square of the sine function.
As a toy model we will explore the properties of a
homogeneous one–dimensional Bose–Einstein condensate
for which the Bogoliubov’s formalism is valid [29], cor-
rected by the contributions of the polymer quantization
[47]. This will allow us to extend our results to more
realistic scenarios, namely, trapped Bose–Einstein con-
densates, in future work. Although a one–dimensional
condensate is not physically feasible, it is possible to
obtain a quasi-one–dimensional condensate by using ex-
tremely anisotropic traps (see for instance Refs [24–26],
and [27, 28]).
This opens the opportunity to explore possible modifica-
tions to the properties of these systems by employing the
polymer quantization. As a first attempt we analyze the
energy of the ground state and the corresponding speed of
sound of a homogeneous one-dimensional Bose–Einstein
condensate.
II. POLYMER BOGOLIUBOV SPACES
Let us start with the one–dimensional effective poly-
mer Hamiltonian for a single particle [30] given by
H =
~2
2mλ2
sin2
(λpx
~
)
, (3)
where λ is the so–called polymer length scale.
The semiclassical single particle energy spectrum asso-
ciated with (3) can be expressed as follows
ǫpλ =
~2
2mλ2
sin2
(λpx
~
)
. (4)
Assuming that λ << 1, we can expand the semiclassi-
cal energy spectrum (4), to second order in the polymer
length scale λ
ǫpλ =
p2
2m
− λ
2
2m~2
p4 + ... (5)
In order to obtain the energy of the ground state of a
one–dimensional condensate, let us propose the following
N–body one–dimensional Hamiltonian corrected by the
introduction of the polymer length scale λ
Hˆ =
∑
p=0
p2
2m
[
1− λ2
(p
~
)2]
aˆ†paˆp
+
U01D
2L
∑
p=0
∑
q=0
∑
r=0
aˆ†q aˆ
†
raˆq+paˆr−p, (6)
where U01D is the one dimensional self interaction param-
eter which describes the interactions within the system,
with L the characteristic length (width) of the system.
We assume also that the creation and annihilation oper-
ators (aˆ†p, aˆp), satisfy the usual canonical commutation
relations for bosons. We want to mention that the ladder
operators in the context of a polymer, background inde-
pendent quantum field theory, have been defined in [23]
as a realization of Fock-like states, and reduces to those
employed above when the polymer scale vanishes. Here
we do not use this formalism as we seek an approximation
to lowest order in λ2.
3Furthermore, we assume that below the condensation
temperature the number of particles in the ground state
is approximately equal to the total number of particles
and the number of particles in the excited states is negli-
gible. It is noteworthy to mention that one–dimensional
Bose–Einstein condensates have a pathological behav-
ior in the thermodynamic limit [31]. In order to make
the condensation possible, finite size effects of the sys-
tem need to be taken into account and, consequently,
the contribution to the ground state energy per particle
must also be considered. In other words, we assume that
the ground state is not given by p = 0, instead we will
assume that the minimum value for the momentum p is
given by p0 = ~/L [31]. Thus, we will prove that when
the Bogoliubov’s approximation is valid and when the
polymer length is set to zero we recover the results ob-
tained in Refs. [32, 33], corrected by the finite size effects
of the system as in Ref. [29].
If only terms up to second order in aˆ0 are relevant then,
within the same order of the approximation, this implies
that 〈aˆ†0aˆ0〉 ≈ 〈aˆ20〉 ≈ 〈
ˆ
a†
2
0 〉 ≈ N .
In this scenario the Hamiltonian (6) is given by
Hˆ =
U01DN
2
2L
+
(~/L)2
2m
[
1−
(λ
L
)2]
N
+
∑
p6=p0
[
p2
2m
[
1− λ2 p
2
~2
]
+
U01DN
L
]
aˆ†paˆp
+
∑
p6=p0
U01DN
2L
[
aˆ†paˆ
†
−p + aˆpaˆ−p
]
. (7)
The second term in Eq. (7) contains contributions due to
the finite size effects of the system and also the contribu-
tions from the polymer length scale λ as well, which in
fact scales with the number of particles.
The Hamiltonian for a one–dimensional Bose–Einstein
condensate with a δ–interacting potential can be diago-
nalized via the Bethe anzats [32]. The energy per particle
was deduced in this scenario, giving
En =
~2
2m
n2e[g(n)], (8)
where e[g(n)] is a function of the parameter g(n) =
U01D/n, with n the corresponding density of particles.
Equation (8) has the two following limiting cases
En ≈ π
2~2
6m
n2, (9)
En ≈ U01D
2
n. (10)
The limiting case Eq. (9) corresponds to the low density
limit associated with the case of infinitely strong interac-
tions of a gas of impenetrable bosons or Tonks–Girardeau
gas [34]. This expression formally coincides with that for
free fermions, which suggest some kind of Fermi–Bose
duality in one–dimensional systems [34, 35].
On the other hand, Eq. (10) depicts the high den-
sity limit. This limit corresponds to the Thomas–Fermi
energy functional [36] first introduced by Bogoliubov
[37, 38]. We must mention that in the three–dimensional
case the mean–field approximation is valid for low den-
sities, contrary to the one–dimensional case where it is
valid at high densities. In other words, the Bogoliubov
theory should be correct for small values of g(n). Thus,
if we assume that the Bogoliubov’s formalism is valid,
that is, if the system lies in the high density limit, then,
without loss of generality, we may apply from the very
beginning the pseudo–potential method in order to diago-
nalize our Hamiltonian (7). However, as we will see later,
a novel ingredient is needed, namely, finite size effects are
also required. In fact, in Ref. [29] the corrections caused
by finite size effects in this type of systems were recently
analyzed. It was showed there that when the Bogoli-
ubov’s formalism is valid then finite size effects must be
taken into account in order to obtain well defined ground
state properties.
The Hamiltonian (7) can be diagonalized by introduc-
ing, as usual within this approximation, the so–called
Bogoliubov’s transformations [39, 40]
aˆp =
bˆp − αpbˆ†−p√
1− α2p
, aˆ†p =
bˆ†p − αpbˆ−p√
1− α2p
, (11)
where αp is the Bogoliubov’s coefficient. The operators
bˆ†p and bˆp are creation and annihilation operators that
also obey the canonical commutation relations for bosons
[40]. Inserting the Bogoliubov transformations (11) into
the Hamiltonian (7), we are able to obtain the following
diagonalized Hamiltonian
Hˆ =
U01DN
2
2L
+
(~/L)2
2m
[
1−
(λ
L
)2]
N +∑
p6=0
√
ǫpλ
(
ǫpλ +
2U01DN
L
)
bˆ†pbˆp +
∑
p6=0
{
− 1
2
[
U01DN
L
+ ǫpλ
−
√
ǫpλ
(
ǫpλ +
2U01DN
L
)]}
. (12)
We also assume that the pseudo–potential Ups(x) can
be expressed as Ups(x) = U01Dδ(x)d/d x(x∗ ) where δ(x)
is the Dirac delta function. Notice that in our case, the
Hamiltonian (12) diverges as (1/p2) + 2mλ2/~2 for large
p and λ2 << 1. Thus, for all practical purposes, the
divergence can be expressed as (1/p2) + cte. This yields
to 1/x+ δ(x) in the configuration space after the appli-
cation of the Fourier transform. Fortunately, and due
to the property xδ(x) = 0, the constant term does not
contribute to the pseudo potential Ups(x). These facts
reinforce our approach, i.e., when the Bogoliubov’s for-
malism is valid, it could be useful to describe some prop-
erties of our polymer condensate. In other words, even
4in this scenario the action of the pseudo potential Ups(x)
removes the divergence.
Thus, by using the pseudo–potential method, our
Hamiltonian (12) now is well defined and can be re–
expressed as follows
Hˆ =
U01DN
2
2L
+
(~/L)2
2m
[
1−
(λ
L
)2]
N +∑
p6=p0
√
ǫpλ
(
ǫpλ +
2U01DN
L
)
bˆ†pbˆp +
∑
p6=p0
{
− 1
2
[
U01DN
L
+ ǫpλ (13)
−
√
ǫpλ
(
ǫpλ +
2U01DN
L
)
−
(U01DN
L
)2 1
2ǫpλ
]}
.
In order to obtain the ground state energy of the sys-
tem we replace the last summation in the Hamiltonian
(13) by an integration, as usual. Then, the following ex-
pression associated with the ground state energy of the
system when λ2 << 1 is obtained
E0 ≈ U01DN
2
2L
+
(~/L)2
2m
[
1−
(λ
L
)2]
N
− L
√
2m
4π~
(U01DN
L
)3/2 ∫ ∞
γ
f(z) dz
+ 3λ2
L
√
2m3
8π~3
(U01DN
L
)5/2 ∫ ∞
γ
z2 f(z) dz, (14)
where we have defined the dimensionless variable z2 =
ǫpλL/U01DN .
Moreover, the function f(z) is given by
f(z) = 1 + z2 − z
√
2 + z2 − 1
2z2
. (15)
Notice that we have taken into account that the lower
limit in the integral is not zero. This limit, that takes into
account the energy of the ground state, and consequently,
finite size effects of the system together with the polymer
length contributions, is given by
γ2 =
( L
U01DN
)(~/L)2
2m
(
1−
(λ
L
)2)
. (16)
We must mention that if we take γ = 0 (which corre-
sponds to the case p = 0) in (14) the ground state energy
becomes divergent, and the condensation is never reached
at finite temperature in the thermodynamic limit, within
this approximation. We can see, then, that finite size ef-
fects of the system must be included in order to reach
the condensation.
Finally, let us made some comments about the func-
tional form of U01D . We assumed that the one dimen-
sional parameter U01D is given by [41]
U01D = −
2~2
ma1D
, (17)
where a1D is the scattering length in one dimension. This
expression suggests that the one–dimensional scattering
length is a function of the three dimensional one, a3D, as
in trapped Bose–Einstein condensates. Using these facts
a1D seems to be
a1D = − L
2
2a3D
(
1− C a3D
L
)
≈ − L
2
2a3D
. (18)
In the last term we have assumed that a3D is much
smaller than L. In this approximation the one dimen-
sional self–interaction parameter is thus given by U01D ≈
4~2a3D/mL
2.
III. SPEED OF SOUND
After performing the integrals in expression (14), we
are able to obtain the ground state energy E0 associated
with our polymer N–body Hamiltonian
E0 ≈ U01DN
2
2L
+
(~/L)2
2m
[
1−
(λ
L
)2]
N
− L
√
2m
4π~
(U01DN
L
)3/2(2
3
√
2− 1
2γ
− γ
)
+ 3λ2
L
√
2m3
8π~3
(U01DN
L
)5/2(
−18
5
√
2 +
1
2
γ
)
.(19)
It is noteworthy to mention that if we set the polymer
length λ = 0 we recover the usual ground state energy
obtained in Refs. [32, 33], corrected by finite size contri-
butions of the system, as in Ref. [29].
The corresponding squared speed of sound c2λ is then
given by
c2λ = −
L2
Nm
(∂P0
∂L
)
= c1 + c2 + λ
2c3, (20)
where P0 = −(∂E0/∂L) is the ground state pressure.
In the expression for the speed of sound (20) we have
defined
c1 =
24a3D~
2N
L3m2
−
42a3D~
√
a3D~2N
L3m
πL2m3/2
,
c2 =
198
√
2a23D~N
√
a3D~2N
L3m
πL3m3/2
+
35~
√
a3D~2N
L3m
8
√
2πLm3/2N
+
3~2
L2m2
,
c3 = −
99~
√
a3D~2N
L3m
8
√
2πL3m3/2N
+
429a3D~
√
a3D~2N
L3m
8
√
2πL4
√
m3
− 10~
2
L4m2
+
a23D
(
78
(
5
√
2− 54)~N√a3D~2NL3m )
πL5m3/2
, (21)
where c1 corresponds to the usual result obtained in
Ref. [32, 33], c2 are the finite size contributions as in
5Ref. [29] and c3 are the modifications associated with the
polymer length scale λ. In other words, in the usual case
λ = 0, we recover the results obtained in Refs. [32, 33]
plus corrections due to the finite size effects of the con-
densate [29].
In order to analyze the sensitivity of our system to
corrections caused by the polymer quantization we use
the usual laboratory conditions: N ∼ 104 particles,
a3D ∼ 10−9 m, and m ∼ 10−26 kg, [26] and L ∼ 10−3m.
The speed of sound in a three–dimensional Bose–Einstein
condensate is typically of order 10−3ms−1 [42, 43]. It is
clear that although, from the experimental point of view
there is no a real one–dimensional condensate, it is possi-
ble to construct a quasi–one–dimensional condensate just
by using extremely anisotropic traps [44]. Then, in prin-
ciple, the use of this experimental accuracy is justified in
order to analyze the sensitivity of the system to polymer
corrections.
The experimental parameters mentioned above allows
us to estimate the relative shift caused by the polymer
length λ, which can be estimated from
∆cλ
cλ=0
≡ cλ − cλ=0
cλ=0
≈ −1.5× 106 λ2. (22)
If we cancel the polymer corrections, λ = 0, we recover
the usual value cλ=0.
Taking into account the bound λ2 ∼ 10−16m, obtained
in a previous work [1], the relative shift in the speed of
sound is of order ∼ 10−10ms−1, at least seven orders of
magnitude smaller than the typical value 10−3ms−1 for
λ = 0, under typical experimental conditions.
However, due to the functional form of equation (21),
densities of order NL ∼ 1025 particles per meter, together
with small values of the scattering length a3D ∼ 10−18
leads to a relative shift of up to 10−4ms−1, assuming
λ ∼ 10−16. In other words, dense systems together with
small values of the scattering length a3D are needed in
order to analyze the sensitivity caused by polymer quan-
tization in one–dimensional condensates. The case for
small values of a3D can be solved, in principle, just by
tuning the interaction coupling by Feshbach resonances
to very small values of the scattering length a3D, that is,
almost to the ideal case, and then reducing the contribu-
tion of interactions on the speed of sound below the poly-
mer quantization induced shift for dense enough systems.
However, these assumptions could affect the stability of
the condensate and could give rise to technical difficul-
ties. Furthermore, this scenario must be extended to
a more realistic situation, i.e., one–dimensional trapped
Bose–Einstein condensates in the lines of Refs. [45].
IV. CONCLUSIONS
Assuming that the Bogoliubov’s formalism is valid, we
have analyzed some properties associated with a one–
dimensional Bose–Einstein condensate within the poly-
mer quantization. We obtained corrections, caused by
the inclusion of the polymer length scale λ, on the ground
state energy of this system, and consequently correc-
tions to the corresponding speed of sound. Moreover, we
showed that high densities and small values of the inter-
action parameter are required to enhance the sensibility
of our system to possible corrections caused by λ. The
results obtained in this work must be extended to more
realistic situations from the experimental point of view,
namely, there are no condensates in a box. Usually the
confinement of the condensate can be obtained by using
harmonic traps, among others techniques [26, 31], and
the use of generic potentials, under certain conditions,
could be useful in this context, because they change the
shape of the trap [4, 9]. In other words, the analysis of
systems trapped in generic potentials within the Bogo-
lioubov’s formalism deserves further investigation, and
will be presented in a forthcoming work [46].
Finally, we want to stress that the many-body contri-
butions in a Bose–Einstein condensate open the possi-
bility to explore specific scenarios that could be used, in
principle, to analyze the sensitivity of these systems to
effects of the discreteness of the space.
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